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Resonance behavior of an imperfect joint of elastic plates subjected to the incidence of the lowest-
order symmetric (S0) Lamb mode is numerically analyzed in the frequency domain by the hybrid
finite element method. To this purpose, the reflection and transmission characteristics of the S0
mode are calculated for the frequency range in which the S0 mode is the only symmetric mode that
can propagate in the plates. The imperfect joint is modeled as a linear spring-type interface charac-
terized by the normal and tangential stiffnesses. As a result, it is shown that the imperfect joint of
plates has two resonance frequencies at which the out-of-plane displacement amplitudes at the joint
are remarkably increased. One resonance frequency depends only on the normal stiffness, and the
other only on the tangential stiffness. Each resonance frequency coincides with that of a free edge
of a plate, and monotonically increases with the corresponding joint stiffness. Furthermore, it is
also shown that the reflection and transmission behavior of the S0 mode at the imperfect joint of
the plates can be well reproduced by the one-dimensional thin-plate approximation of extensional
waves when the frequency is sufficiently small compared to the resonance frequencies.
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I. INTRODUCTION
Elastic waves are widely utilized for the purpose of
detecting and characterizing various kinds of defects in dif-
ferent structures that are used for transportation vehicles,
civil infrastructures, power plants, etc. Lamb waves provide
an effective tool for the nondestructive evaluation and struc-
tural health monitoring of plate-like structures because they
can propagate relatively long distances. At the same time,
however, Lamb waves have dispersive and multi-modal
characteristics. This fact makes it difficult to interpret the
acquired waveforms in a straightforward manner. For this
reason, a number of theoretical or numerical studies have
been carried out to obtain precise knowledge about the com-
plicated behavior of Lamb waves.1–6
One of the fundamental problems of Lamb waves that
have so far gained much attention is their interaction with a
free edge of a semi-infinite plate that gives rise to a reso-
nance behavior. The free-edge resonance of a plate was dis-
covered by Shaw7 in his experimental work on titanate
barium disks. Gazis and Mindlin8 numerically reproduced
this phenomenon with a second-order two-dimensional plate
theory for extensional waves that accounts for non-
propagating, localized modes. Torvik9 analyzed the reflec-
tion characteristics of the lowest-order symmetric (S0) Lamb
mode at a free edge of a semi-infinite plate in order to
explore the free-edge resonance, and showed that higher-
order symmetric modes play a significant role in the resonant
vibrations. Thereafter, the interaction of various Lamb
modes with a free edge of a plate was analyzed by many
investigators.10–18 Le Clezio et al.14 analyzed transient
responses of the S0 mode at a free edge of a plate using the
finite element method (FEM). These authors also performed
experimental investigation to verify the numerical results.
Pagneux16 and Zernov et al.17 obtained an approximate for-
mula for the resonance frequency of a free edge of an iso-
tropic plate in terms of Poisson’s ratio.
Foregoing investigations have also revealed that the res-
onance behavior is sensitive to the boundary conditions at
the plate edge. Gregory and Gladwell19 showed that a fixed
edge of a plate does not show resonant vibrations like a free
edge. Getman and Lisitskii20 showed that the S0-mode inci-
dence at a specific frequency gives rise to the interfacial res-
onance at the joint of two elastic half-strips with different
material properties. Predoi and Rousseau21 reported the reso-
nance of an elastic plane layer between elastic strips for the
S0-mode incidence.
Recently, the interaction of Lamb waves with fatigue
cracks in plate structures has been studied actively in the
field of structural health monitoring.22–24 When a crack is
fully open, it can be modeled as a traction-free boundary as
analyzed by Castaings et al.,3 Gunawan and Hirose,6 etc. In
realistic situations, however, fatigue cracks often have their
surfaces in partial contact and constitute imperfect interfa-
ces. The spring-type interface model is commonly employed
in previous studies for describing such imperfect interfaces.
In the spring-type interface model, discontinuities are
allowed in the displacement components across the interface
and given in terms of the corresponding stress components.
This model can explain various imperfect joint conditions
including a contacting interface,25 a thin bond layer between
solids26,27 and a damaged interface,28 provided that the
thickness of interface regions (distributed asperities, adhe-
sive layers etc.) is sufficiently small compared to thea)Electronic mail: biwa@kuaero.kyoto-u.ac.jp
J. Acoust. Soc. Am. 137 (6), June 2015 VC 2015 Acoustical Society of America 31390001-4966/2015/137(6)/3139/10/$30.00
 Redistribution subject to ASA license or copyright; see http://acousticalsociety.org/content/terms. Download to IP:  130.54.110.73 On: Mon, 16 Nov 2015 00:38:13
wavelength. Drinkwater et al.29 discussed the interaction of
bulk waves with a partially contacting interface between sol-
ids. Pecorari30 analyzed scattering of Rayleigh waves at a
surface-breaking crack with its faces in partial contact.
Recently, the reflection and transmission characteristics of
the lowest-order Lamb modes at an imperfect joint of plates
have been analyzed by Mori et al.31 for the low frequency
range below the cut-off frequency of the first-order antisym-
metric (A1) Lamb mode. It is also intriguing to investigate
the possible resonance behavior of a spring-type imperfect
joint of plates. To the authors’ knowledge, however, this
issue has not been explored yet.
The objective of the present study is to examine the res-
onance behavior of an imperfect joint of plates described as
a spring-type interface. The paper is structured as follows. In
Sec. II, the formulation is given for the time-harmonic
response of an imperfect joint of isotropic elastic plates
subjected to the S0-mode incidence. In Sec. III, a semi-
analytical approach using the hybrid finite element method
(HFEM)31–33 is introduced. In Sec. IV, the resonance behav-
ior is examined on the basis of the computed displacement
amplitude at the imperfect joint, and two resonance frequen-
cies are identified. The influence of the interfacial stiffnesses
of the joint on the resonance frequencies is discussed in
detail. Furthermore, the reflection and transmission behavior
of the S0 mode is compared to the prediction based on a
one-dimensional thin-plate approximation of extensional
waves.
II. STATEMENT OF THE PROBLEM
As shown in Fig. 1, two semi-infinite plates jzj  h
(thickness 2 h) are imperfectly jointed at x¼ 0. The plane-
strain condition is considered in the x-z plane and both plates
are assumed to be made of the same linear isotropic elastic
solid. The motion of the plates obeys the two-dimensional
Navier equations





































where ux and uz are the displacement components, k and l
are Lame´’s constants and q is the mass density. The upper
and lower surfaces of the plates are assumed to be traction-
free, i.e.,
rzz ¼ 0; rxz ¼ 0; (2)
at jzj ¼ h, where rzz and rxz are the stress components. A lin-
ear spring-type interface is introduced for modeling the joint
of plates at x¼ 0 as
rþxx ¼ rxx ¼ KNðuþx  ux Þ; rþxz ¼ rxz ¼ KTðuþz  uz Þ;
(3)
where the superscripts þ and  indicate the physical quanti-
ties at the right and left sides of the joint x¼ 0, respectively.
The parameters KN and KT are called normal and tangential
stiffness, respectively, and represent the joint condition
between a traction-free condition (KN¼KT¼ 0) and a per-
fectly bonded condition (KN ! 1 and KT ! 1).34,35
According to previous studies, surface conditions at the joint
as well as the applied pressure have significant effect on
these stiffnesses. Furthermore, existing experimental results
as well as theoretical models show that the ratio of the tan-
gential stiffness to the normal stiffness KT/KN ranges from
0.2 to 0.6.35–39 In order to elucidate the effect of interfacial
stiffnesses on the resonance behavior numerically, the values
of these stiffnesses are varied in a wide range in the present
analysis while assuming their ratio as KT/KN¼ 0.2, 0.4, and
0.6. For simplicity, both KN and KT are assumed to be uni-
form for h< z< h.
The left plate is subjected to the incidence of the lowest-
order symmetric (S0) Lamb mode with angular frequency x
traveling in the positive x direction. The displacement fields
of the incident wave are given in the complex-value repre-
sentation by
ux ¼ uincx expðixtÞ ¼USþ0ðz;kSþ0ÞexpðikSþ0xÞexpðixtÞ;
uz ¼ uincz expðixtÞ ¼VSþ0ðz;kSþ0ÞexpðikSþ0xÞexpðixtÞ;
(4)
where USþ0ðz; kSþ0Þ and VSþ0ðz; kSþ0Þ denote the in-plane and
out-of-plane displacement profiles of the S0 mode, whose
explicit forms can be found elsewhere, e.g., Refs. 6, 9, 40,
and kSþ0 is the wave number of the S0 mode corresponding to
the angular frequency x. The relation between the wave
number k and the angular frequency x is given by the so-
called Rayleigh-Lamb frequency equations,40 i.e.,
ðq2  k2Þ2 tanðqhÞ þ 4k2pq tanðphÞ ¼ 0; (5)
for the symmetric modes and
ðq2  k2Þ2 tanðphÞ þ 4k2pq tanðqhÞ ¼ 0; (6)
for the antisymmetric modes, where p2 ¼ ðx=cLÞ2  k2,
q2 ¼ ðx=cTÞ2  k2, and cL and cT are the longitudinal and
shear wave velocities, respectively. When the S0 mode inter-
acts with the imperfect joint, partial reflection and transmis-
sion occur and the higher-order Lamb modes are generated
as a result of mode conversion.
The present analysis is performed for the frequency
range in which the S0 mode is the only symmetric mode that
can propagate in the plate. The cut-off frequency of eachFIG. 1. Two semi-infinite isotropic plates imperfectly jointed at x¼ 0.
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higher-order mode is commonly defined as the frequency at
which the wave number is equal to zero.40 With this defini-
tion, when Poisson’s ratio ¼ k/{2(kþ l)} is equal to 0.337
(3), the cut-off frequencies of the S1 and the S2 mode are
X¼p  3.14 and X¼ jp/2  3.17, respectively, where
X¼xh/cT is the normalized frequency and j¼ cL/cT
¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2ð1 Þ=ð1 2Þp . It is noted, however, that these
modes can propagate along the plate below these frequen-
cies. Namely, according to the dispersion relation for the
symmetric modes in Eq. (5), the S1 and the S2 modes can
have real wave numbers and are propagating modes in the
frequency range X>XS1,S2¼ 2.87 when ¼ 0.337 (3).
Therefore, this study deals with the frequency range
X<XS1,S2. For this frequency range, the S1, S2, and other
higher-order Lamb modes have imaginary or complex wave
numbers and are localized near the joint when generated by
the mode conversion.
III. NUMERICAL ANALYSIS
A. Hybrid finite element method
The finite element method (FEM) is a useful tool for
analyzing elastic wave propagation. When applied to the
problem at hand, it is suited for handling the complicated
wave field that would arise near the joint, but a large number
of finite elements would be necessary for covering the entire
plate structure. For the purpose of efficient computation, a
semi-analytical approach called hybrid finite element
method (HFEM)31–33 is employed for analyzing Lamb
waves interacting with an imperfect joint of plates in the fre-
quency domain. A region surrounding the imperfect joint
(jxj< L/2) is divided into finite elements, as the wave fields
in jxj<L/2 are expected to be complicated because of local-
ized, non-propagating higher-order Lamb modes generated
at the joint x¼ 0. On the other hand, the wave fields in the
outer semi-infinite regions (jxj>L/2) are represented as the
modal expansions of Lamb modes. When the incident S0
mode propagates in the positive x direction, the displacement
fields can be expressed as
































þnðz; kaþnÞ expðikaþnxÞ; (8)
in x>L/2, where uincx and u
inc
z are given in Eq. (4). The sub-
script þn (n) corresponds to the nth-order Lamb mode
traveling or decaying in the positive (negative) x direction
(n¼ 0, 1, …). The temporal factor exp(ixt) is omitted in
all terms on the right-hand side of Eqs. (7) and (8). The
notation a¼ S (a¼A) represents symmetric (antisymmetric)
Lamb modes. The function Ua6nðz; ka6nÞ is the thickness pro-
file of the in-plane displacement of the nth-order Lamb
mode, while Va6nðz; ka6nÞ is that of the out-of-plane displace-
ment. The wave number of the Lamb mode, ka6n ¼ ka6nðxÞ,
is a solution of the Rayleigh-Lamb frequency Eqs. (5) and
(6). The stress components in jxj>L/2 can be expressed by
the modal expansions likewise. As it is impossible, however,
to deal with an infinite number of Lamb modes in numerical
analysis, the infinite series in Eqs. (7) and (8) are truncated
at n¼N both for symmetric (S) and for antisymmetric (A)
modes. Since the higher-order modes are localized near
x¼ 0, this truncation error can be kept minimal by choosing
the mode number N and the length L appropriately.
In order to calculate the expansion coefficients Ran and
Tan that characterize the wave fields, the continuity condi-
tions are imposed on the displacement components ux, uz and
the stress components rxx, rxz at every node at jxj ¼ L/2. As
a result, a linear set of equations whose unknowns are the
nodal displacements and the expansion coefficients Ran, Tan
(n¼ 0, 1, …, N) can be obtained. The singular decomposi-
tion method (SVD) is employed to determine the nodal dis-
placements and the expansion coefficients.
B. Setting of numerical parameters
In this analysis, the plates are assumed to be made of alu-
minum (Lame´’s constants k¼ 56.3GPa and l¼ 27.1GPa,
and mass density q¼ 2700 kg/m3) and have the thickness
2 h¼ 1mm. Since numerical results are summarized in terms
of normalized frequency X, velocity ratio j (or Poisson’s
ratio ) and normalized interfacial stiffnesses (to be defined
below), they are applicable to other plate thicknesses with
appropriate scaling. Four-noded isoparametric elements
whose dimensions are 2 h/25 2 h/25 (26 nodes in the thick-
ness direction) are employed for discretizing the region
jxj< L/2.
Prior to the analysis of the imperfectly jointed plates,
the reflection characteristics of the S0 mode at a free edge of
the plate (KN¼KT¼ 0) are analyzed to verify the accuracy
of the numerical method and to determine the number of
Lamb modes N employed in the modal expansion in the
outer regions and the inner region length L. Considering the




should be zero, where EI and ER are the energy flux of
the incident wave and the reflected wave, respectively.
Therefore, the value of d defined in Eq. (9) serves as a mea-
sure of numerical errors such as the truncation error of the
infinite series.31,33 After some trials, the value of d was kept
within 3.5% in the frequency range X¼xh/cT<XS1,S2 by
setting the numerical parameters as N¼ 7 and L¼ 2.88 h
(988 nodes and 900 elements).
The out-of-plane (z direction) displacement amplitude at
the corner of the free edge is plotted in Fig. 2(a) as a function
of the normalized frequency X. The displacement amplitude
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is normalized with the surface out-of-plane amplitude of the
incident S0 mode. In Fig. 2(a), the out-of-plane displacement
amplitude takes a maximum value at X¼ 2.37. This fre-
quency is identified as the resonance frequency of the free
edge and is denoted by XR0. This procedure is carried out for
different Poisson’s ratios . Figure 2(b) shows the variation
of the free-edge resonance frequency with Poisson’s ratio.
According to the previous studies,16,17 the normalized reso-
nance frequency of the free edge XR0 is given by a formula
XR0 ¼ 0:6522 þ 0:898 þ 1:9866: (10)
The above relation for the resonance frequency is also plot-
ted in Fig. 2(b). Comparison of the results by the HFEM
with Eq. (10) shows that the relative errors are less than
0.25%. This verifies the accuracy of the HFEM for calculat-
ing the resonance frequency. As a consequence, the numeri-
cal analysis for the imperfect joint of plates is carried out
with the same setting of numerical parameters.
IV. RESULTS AND DISCUSSIONS
A. Resonance behavior of an imperfect joint of plates
The interaction of the S0 mode with an imperfect joint
of aluminum plates is investigated by the HFEM. For the
S0-mode incidence, the out-of-plane displacement ampli-
tudes at the corners of the imperfect joint (x, z)¼ (0, h),
(0þ, h) are plotted in Fig. 3 for different normalized stiff-
nesses K ¼KNh/l with the fixed ratio KT/KN¼ 0.2. The dis-
placement amplitudes are normalized by the incident
amplitude. As a result, it is shown in Fig. 3(a) that the out-of-
plane displacement amplitudes at the left corner of the joint
(x, z)¼ (0, h) have local maxima at two frequencies, which
vary with the joint stiffnesses. Likewise, the out-of-plane dis-
placement amplitudes at the right corner (x, z)¼ (0þ, h) have
two peaks at the same frequencies. In this study, the reso-
nance frequencies of an imperfect joint of plates are obtained
as the frequencies at which the out-of-plane displacement
amplitude at (x, z)¼ (0, h) has such a local peak.
The relation between the out-of-plane displacement
amplitudes on the plate surface (z¼ h) and the distance from
the imperfect joint is illustrated for three normalized fre-
quencies with the fixed stiffness K¼ 2 and the ratio KT/KN
¼ 0.2 in Fig. 4. In this case, the resonance frequencies of the
imperfect joint are X¼ 2.59 and X¼ 2.66. At these frequen-
cies, the out-of-plane displacements are remarkably
increased at both sides of the joint and decay rapidly with
the distance from it. As shown in Fig. 3, however, such
amplification occurs only near the resonance frequencies.
For example, when K¼ 2 and KT/KN¼ 0.2, the amplification
FIG. 3. (Color online) Variation of the out-of-plane displacement amplitudes
at (a) the left corner (x, z)¼ (0, h) and (b) the right corner (x, z)¼ (0þ, h) of
the imperfect joint of plates with the normalized frequency X, for different
normalized stiffnesses K¼KNh/l with the fixed ratio KT/KN¼ 0.2.
FIG. 2. (a) Variation of the normalized out-of-plane displacement ampli-
tude at the corner of the free edge of plates (x, z)¼ (0, h) with the normal-
ized frequency X. (b) Comparison of the resonance frequencies XR0
calculated in this study to Eq. (10).
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factor of the joint displacements at x¼ 0 is below 2 outside
the frequency range 2.54<X< 2.74 in Fig. 3(a), which
means that the amplification effect is not significant unless
the frequency is near the resonance frequencies. The ampli-
tude distribution at X¼ 2.41 is shown together in Fig. 4 as
an example of off-resonance behavior.
It is noted that the antisymmetric modes are not gener-
ated at the joint (i.e., RAn¼ TAn¼ 0 for all n) because the
present model is symmetric with respect to z¼ 0. In addition,
the S0 mode is the only symmetric mode that can propagate
along the plate for X<XS1,S2. The reflection and transmis-
sion coefficients of the S0 mode are shown as functions of
the normalized frequency X for three normalized stiffnesses
with KT/KN¼ 0.2 in Fig. 5. These reflection and transmission
coefficients exhibit complicated behavior near the resonance
frequencies of the imperfect joint.
When a free edge of a plate shows resonance behavior,
the generation of localized and non-propagating higher-order
symmetric modes becomes significant at the free
edge.8–10,14,15,19 Analogously, it is expected that the ampli-
tudes of higher-order symmetric modes are amplified at the
resonance frequencies of an imperfect joint of plates. The
relative amplitudes of the nth-order symmetric modes for the


































for the right side of the joint (n¼ 1, 2, …). The quantities
defined above for the S1 (n¼ 1) and the S2 mode (n¼ 2) are
plotted in Fig. 6 when K¼ 2 and KT/KN¼ 0.2. As a result,
the relative amplitudes of these higher-order modes increase
remarkably at the resonance frequencies. Since the higher-
order symmetric modes (i.e., the symmetric modes except
the S0 mode) decay rapidly with the distance in this fre-
quency range, the generation of the higher-order modes is
responsible for the localized resonance of the imperfect
joint.
Although the present analysis is performed in the fre-
quency domain, in actual measurements the effect of reso-
nance is expected to appear in the reflected or transmitted
waveforms in the time-domain. In the case of the free-edge
resonance, Le Clezio et al.14 have experimentally as well
as numerically demonstrated that the S0 mode reflected
from a free edge of a plate shows a long-time oscillation
in the waveform. The reflected and transmitted S0 modes
are expected to exhibit analogous behavior at the joint
resonance frequencies. The corresponding experiments
FIG. 4. (Color online) Relation of the out-of-plane displacement amplitudes
on the plate surface z¼ h with the in-plane coordinate x/h in (a) x< 0 and (b)
x> 0, for different normalized frequencies X when K¼ 2 and KT/KN¼ 0.2.
FIG. 5. (Color online) Variation of (a) the reflection coefficient jRS0j and
(b) the transmission coefficient jTS0j of the S0 mode with the normalized
frequency X, for different normalized stiffnesses K¼KNh/l with the fixed
ratio KT/KN¼ 0.2.
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or numerical simulations are, however, left for future
studies.
B. Stiffness dependence of the resonance
frequencies of an imperfect joint
In order to single out the effect of normal stiffness
KN on the resonance characteristics of an imperfect joint
of plates, the out-of-plane displacement amplitudes at the
left side of the imperfect joint are plotted in Fig. 7(a) as
functions of the normalized frequency X for different
normal stiffnesses K¼KNh/l and fixed tangential stiff-
ness K0 ¼KTh/l¼ 0.4. It is shown in Fig. 7(a) that the
displacement amplitudes have local maxima at two fre-
quencies. One frequency, X¼ 2.59, is nominally inde-
pendent of the stiffness K and the other frequency varies
with K. Hereafter, the resonance frequency that depends
on K is termed XRN. On the other hand, the relation
between the out-of-plane amplitudes of the joint and
the normalized frequency X is shown in Fig. 7(b) for dif-
ferent tangential stiffnesses K0 ¼KTh/l and fixed normal
stiffness K¼ 2. The displacement amplitudes have sharp
peaks at two frequencies, one of which (X¼ 2.66) is in-
dependent of K0 while the other frequency, termed XRT,
varies with K0.
Furthermore, the resonance frequencies of the imperfect
joint are plotted in Fig. 8 as functions of (a) K when K0 ¼ 0.4
and (b) K0 when K¼ 2. In both cases, it is seen that one fre-
quency is invariant with each joint stiffness. The other reso-
nance frequency XRN (XRT) increases monotonically with K
(K0) and eventually approaches XS1,S2, while XRN and XRT
approach the resonance frequency of the free edge, XR0, as
the joint stiffnesses decrease. This selective dependence of
the resonance frequencies on the joint stiffnesses can be
explained, at least in a qualitative manner, by a simplistic
coupled spring-mass model system as shown in the
Appendix.
The relations of the resonance frequencies with the joint
stiffnesses for constant stiffness ratios KT/KN¼ 0.2, 0.4, and
0.6 are plotted in Figs. 9(a), 9(b), and 9(c), respectively. In
Fig. 9(a) where the stiffness ratio is fixed as KT/KN¼ 0.2, the
lower horizontal axis represents the normalized normal stiff-
ness K¼KNh/l and the upper axis K0 ¼ 0.2K¼KTh/l. The
resonance frequencies of the imperfect joint increase monot-
onically with the joint stiffnesses and eventually approach
XS1,S2. The resonance frequencies XRN (as a function of K)
and XRT (as a function of K0) found in Fig. 8 are plotted to-
gether in Fig. 9(a). As a result, the pair of the resonance fre-
quencies of the joint in Fig. 9(a) coincides with the pair of
XRN and XRT determined in Fig. 8. The resonance frequen-
cies of the imperfect joint with KT/KN¼ 0.6 are plotted as
functions of the normalized stiffnesses in Fig. 9(c), and are
also in agreement with XRN and XRT. Namely, the imperfect
joint has two resonance frequencies XRN and XRT, one of
FIG. 6. (Color online) Variation of the relative amplitudes of the S1 and the
S2 modes for (a) the left side and (b) the right side of the imperfect joint
with the normalized frequency X when K¼ 2 and KT/KN¼ 0.2.
FIG. 7. (Color online) Variation of the out-of-plane displacement amplitude
with the normalized frequency X, (a) for different normalized stiffnesses
K¼KNh/l when K0 ¼KTh/l¼ 0.4 and (b) for different K0 when K¼ 2.
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which depends only on K¼KNh/l and the other only on
K0 ¼KTh/l. This feature indicates the possibility to charac-
terize the imperfect joint by measuring the resonance fre-
quencies. It is noted, however, that the relative magnitude of
XRN and XRT depends on the stiffness ratio: in the case of
KT/KN¼ 0.6, XRT is greater than XRN at each stiffness, while
XRN is greater than XRT when KT/KN¼ 0.2. Furthermore, the
two resonance frequencies are not distinguishable for certain
stiffness ratios. In Fig. 9(b) for KT/KN¼ 0.4, when
K0 ¼ 0.4K< 0.24 the resonance frequencies XRN and XRT
are so close to each other and it becomes difficult to separate
them.
In Fig. 10, the snapshots of the displacement fields near
the joint at the resonance frequencies X¼XRT (¼2.59) and
X¼XRN (¼2.66) are shown when K¼ 2 and KT/KN¼ 0.2.
At X¼XRT, the out-of-plane and the in-plane displacements
at both sides of the joint vary in the opposite phase and in
the same phase, respectively. In consequence, the out-of-
plane displacement gap of the joint uþz  uz is dominant,
compared to the in-plane displacement gap uþx  ux . This
feature can be related to the result that the resonance fre-
quency XRT is determined by the tangential stiffness KT. On
the contrary, at X¼XRN, the out-of-plane displacements at
both sides of the joint vary in the same phase, while the in-
plane displacements in the opposite phase. Therefore, the
response at X¼XRN is characterized by the in-plane dis-
placement gap uþx  ux , hence its dependence on the normal
stiffness KN.
C. Reflection and transmission characteristics of the
S0 mode
The one-dimensional thin-plate approximation of exten-
sional waves can explain the reflection and transmission
characteristics of the S0 mode at an imperfect joint of plates
in a low frequency range.31 In this approximation, the reflec-
tion and transmission coefficients of the extensional wave,
jRj and jTj, are determined by the normalized parameter
qc1x/KN¼ (c1X)/(cTK) and do not depend on the tangential
stiffness KT, where c1 is the velocity of extensional waves in
thin plates. In Fig. 11, the reflection and transmission coeffi-
cients of the S0 mode jRS0j, jTS0j obtained by the HFEM are
plotted as a function of the normalized parameter qc1x/KN
with a fixed ratio KT/KN¼ 0.2 for the frequency range
X<XS1,S2, together with the coefficients of the approximate
theory. It is shown that while excellent agreement is seen
when qc1x/KN is sufficiently small, jRS0j and jTS0j deviate
FIG. 9. (Color online) Variation of the resonance frequencies with the
interfacial stiffnesses when (a) KT/KN¼ 0.2, (b) KT/KN¼ 0.4 and (c) KT/KN
¼ 0.6. The upper horizontal axis represents the normalized tangential stiff-
ness K0 ¼KTh/l, while the lower horizontal axis K¼KNh/l. The curves for
the resonance frequencies XRN and XRT found in Fig. 8 are also plotted.
FIG. 8. (Color online) Relation of the resonance frequencies of the imper-
fect joint (a) with the normalized stiffness K¼KNh/l when K0 ¼KTh/
l¼ 0.4 and (b) with K0 when K¼ 2.
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from the one-dimensional model as qc1x/KN increases and
approaches the resonance frequencies of the imperfect joint.
Since the simple one-dimensional model does not account
for the higher-order Lamb modes that are responsible for the
resonance, it is not capable of describing the reflection and
transmission characteristics of the S0 mode near and beyond
the resonance frequencies.
V. CONCLUSION
This study has elucidated the resonance behavior of an
imperfect joint of elastic plates for the incidence of the
lowest-order symmetric (S0) Lamb mode. The imperfect
joint has been modeled as a linear spring-type interface
which is characterized by normal and tangential stiffnesses.
The hybrid finite element method (HFEM) has been
employed for analyzing the interaction of the incident S0
mode with the imperfect joint of plates. The analysis has
been carried out for the frequency range in which the S0
mode is the only symmetric mode that can propagate along
the plate. As a result, two resonance frequencies are identi-
fied at which the displacement amplitudes at the imperfect
joint take local maxima. At the resonance frequencies, the
amplitudes of the higher-order symmetric modes are remark-
ably increased and the localized resonant vibrations occur at
the imperfect joint. One of the resonance frequencies
depends only on the normal stiffness, while the other only on
the tangential stiffness. Both resonance frequencies increase
monotonically as the corresponding stiffnesses increase.
Furthermore, it has been shown that one-dimensional
approximation of extensional waves in a thin plate can
describe the reflection and transmission behavior of the S0
mode when the frequency is sufficiently small compared to
the resonance frequencies of an imperfect joint. The results
of the present study show the possibility of characterizing an
imperfect joint by measuring the resonance frequencies. In
future studies, experimental verification is necessary for con-
firming the resonance behavior of an imperfect joint of plates
and its applicability to the joint characterization.
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APPENDIX: RESONANCE OFA COUPLED
SPRING-MASS SYSTEM
The results obtained by the HFEM show that an imper-
fect joint of elastic plates exhibits resonance behavior for
the S0-mode incidence at two frequencies, one of which is
determined only by the normal stiffness and the other by the
tangential stiffness. In this analysis, the edges of two plates,
which have the same single resonance frequency, are
coupled by linear springs in the in-plane and the out-of-
plane directions. In order to qualitatively explain that the
coupling of two plates leads to the double resonance fre-
quencies having the selective stiffness dependence, a simple
model of coupled spring-mass systems is introduced as
shown in Fig. 12. Two bodies of the same mass m, con-
nected to the rigid walls by the springs (stiffness k), are
regarded to represent the resonant vibration of the plate
edges. Namely, the resonance behavior of each plate edge is
modeled by the spring-mass system whose natural angular
frequency is x0¼ (k/m)1/2. The masses are connected by
FIG. 10. Snapshots of the displacement fields of the plates near the imper-
fect joint at (a) X¼XRT and (b) X¼XRN when K¼KNh/l¼ 2 and KT/KN
¼ 0.2, where joint surfaces are depicted separately.
FIG. 11. (Color online) Comparison of (a) the reflection coefficient jRS0j
and (b) the transmission coefficient jTS0j of the S0 mode to the one-
dimensional approximation, for different normalized stiffnesses K¼KNh/l
with the fixed ratio KT/KN¼ 0.2.
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two springs in the x-direction (stiffness kN) and the z-direc-
tion (stiffness kT). Each mass moves in the direction given
by the angle h with respect to the x axis. The displacements
of the masses in this direction, denoted by a1 and a2, obey
the equations of motion
m€a1 ¼ ka1  kNða1  a2Þ  kTða1 þ a2Þ;
m€a2 ¼ ka2  kNða2  a1Þ  kTða1 þ a2Þ; (A1)
where kN ¼ kN cos2h and kT ¼ kT sin2h. By substituting a
solution aj¼Aj exp(ixt) (j¼ 1, 2) into Eq. (A1), it is shown
that the vibration system has two natural angular frequencies














The angular frequency xN depends only on kN (i.e., spring
stiffness kN), while xT depends only on kT (i.e., spring stiff-
ness kT). Each natural angular frequency increases monot-
onically with the corresponding spring stiffnesses while
approaching x0 as the spring stiffness vanishes. These
results qualitatively reproduce the selective dependence of
the resonance frequencies on the normal and tangential stiff-
nesses found for the imperfect joint of plates. It is noted,
however, that xN and xT in this simple model do not con-
verge to finite values when the spring stiffnesses kN and kT
diverge to infinity, while the joint resonance frequencies
asymptotically approach the finite value XS1,S2.
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